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ON THE ZEROS OF DIRICHLET L-FUNCTIONS. IlI
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AKIO Fult(l)

ABSTRACT. It is shown that the ordinates of the zeros of the
Riemann zeta function are uniformly distributed. Similar results pertain to

zeros of L-functions.

1. Introduction. In an earlier work [2], we established results which mea-
sure the irregularity of the distribution of the zeros of the zeta function. Here
we use the previous results to show that the zeros of the zeta function are uni-
formly distributed. Let p = 8 + iy denote the generic nontrivial zero of the
zeta function, and let N(T") denote the number of these zeros for which 0 <y
<T. ForT>210,0<h<T 0<a<1,let Ap(e, h) denote the number of
zeros p, 0 < ¥ < T, for which 0 < {y/h} < a. Here {0} is the fractional part
of 8, {§} =0 — [0]. To show that the ordinates vy are uniformly distributed
modulo & we seek bounds for the discrepancy

D (n) = oup WA (e, B)/N(T) -~ al.

THEOREM. For € >0, T> Ty(e), (log T)™' <h < T'/3, we have, in
the above notation,

D () << (hlog T)~'*e.

A sequence is said to be uniformly distributed if the discrepancy of the
first n terms tends to zero as n tends to infinity. Thus the numbers 7 are uni-
formly distributed (mod 4), and uniformly so for H(T) < h < T'/3, provided
that H(T)log T — oo. Elliott [1] has shown that D,(h) = o(1) for h fixed, but
his method does not provide as precise estimates as we obtain. Our main inter-
est is in the small values of A. Trivial arguments show that Dr(h) = o(1) for
T'/3 < h = o(T), but the quantitative estimate for D.(h) becomes weaker for
these larger /2 due to the gradual increase in the density of zeros as ¢ increases.
We conjecture that D.(h) = o(1) even when h = c(log T)!, but present methods
fail to provide such delicate results.

Received by the editors April 8, 1974.

AMS (MOS) subject classifications ( 1970). Primary 10HO0S, 10H10.

Key words and phrases. Riemann zeta function, Dirichlet L-functions, distribtuion
of zeros.

Q) Supported in part by NSF grant GP 36418X1. The author is grateful to the
referee who has kindly rewritten the manuscript in a very neat form for publication. Thanks
are also due to Professor Patrick Gallagher.

347

Copyright © 1976, American Mathematical Society



348 AKIO Fulll

The estimate of the Theorem can be extended to hold uniformly for zeros
of an L-function (mod q), for ¢ < T'/4=% and also for zeros of {(s) in a short
interval, T<y < T+ H, for H> TY2+5

2. Proof of the Theorem. As usual, we let S(t) = n~'arg ¢(% + it).
The Riemann-von Mangoldt formula (see [3, p. 179]) for N(¢) asserts that

() N(@) = (t/27) log(¢/2m) — t[2m + 7/8 + R(¢)

for t > 0, where R(t) = S(t) + O(1/t). Thus to estimate N(t + k) — N(t) we
require an estimate of S(¢ + h) — S(¢). To this end we quote from [2] the
following

LemMA. Let h < T'/3, T > 10. Then for all integral k > 1,
JSte + ) = S dr = 6,72 log(3 + h log T
- (1 + 0((4k)** (log(3 + h log T))~'/2)),
where C, = (2k)!(2m)~2*k!- 1,
For brevity we let 8§ =(log T)~!. If 0<a < %5h~!, then
WA (e, B)/N(T) = of < 1A (%8h~", h)IN(T) - %8h—"| + %5h~1.
A similar inequality applies if 1 — %48h~! <« <1, 50 it suffices to show that
A (o, B)IN(T) — af << (h log T)~'*¢

for 46h~! <a <1 - wsn~1.

Let ¢ (¢) be the piecewise linear function with period A, determined by the
vertices (-8, 0), (0, 1), (a1, 1), (ah + 8, 0); similarly let p_(r) be determined by
the vertices (0, 0), (8, 1), (& — 8, 1), (ah, 0). Then

0) 2 o m<4en< T o @)
0<Y<T 0<y<T
By (1),

Z o m=[ ¢ @ave

(3) 0<Y<T
=17 t T
> f Lo (Dlog 5= dt + f | #-(VdR().
Now
0 <log(t/2m) — log(mh/2n) < 1/m for mh <t < (m + 1,
S0

(m+1)h _t__ _ ep—1 (m+1)h ..L
fmh ¢_(0) log 5- dr = (o ~ 8h )fmh log_ dt + O(h/m)
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for m = 1. Thus the first integral in (3) is

= (a = 8~ 1)(T/2m)log(T/2m) — T[27) + O(h log T)
=N(TXa + Oh~1) + O(T1)).
On the other hand, S(r) <<log ¢, so the second integral in (3) is

= R@O)do_@©) + 0G0g 1)

@

=-5-1 foT(S(t +ah — 8) — SOW(@)dt + O(log T),

where Y(#) is piecewise constant with period A, Y(£)=1for 0 <t <8, Y(£)=0
for 8 <t <h. By Holder’s inequality the integral above is

- 1/2k
<( f :lll/(t)lz"/(z"")dt ' ”2"( f :(S(t +ah - 8) - S(t))z"dt) :

By the Lemma this is

<<, (Bh~'T)! =112k T2k (log(2h log T))'/2.
Thus

T
f | -OdRO) <<, N(T)h log T)~ '+ 112 (10g(2h log T))! /2.
Combining this with (4), we find that
> oM =@+ Ol log )~ ON(T)

0<y<
for T> Ty (e). A similar argument applies to ., so the<Theorem now follows
from (2).
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